CFTP/11-017 



On a possible relationship between lepton mixing 
and the stability of dark matter 

L. Lavoura* 

Technical University of Lisbon, Centre of Theoretical Particle Physics 
Instituto Superior Tecnico, 1049-001 Lisboa, Portugal 

October 3, 2011 



Abstract 

I comment on the proposal that the stability of dark matter may be due to an 
unbroken symmetry contained in the partially broken lepton flavour symmetry 
group. I remark that (1) there is no Z2 symmetry apparent in the lepton mass spec- 
trum and in lepton mixing, (2) predictive models of this type may be constructed 
by using a lepton flavour symmetry group with three inequivalent singlets, to which 
the three left-handed-lepton gauge-SU(2) doublets are assigned, and (3) some pre- 
dictions for the lepton masses and mixings are likely to be altered by radiative 
contributions to the neutrino mass matrix. I construct two models of this type in 
which the conserved originates in a lepton flavour symmetry group D4. 
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1 Introduction 



A large proportion of the matter in the Universe is "dark" and must be composed of some 
non-baryonic, neutral, massive, and stable — or with lifetime much larger than the age of 
the Universe — particle or particles. From the point of view of high-energy physics, the 
stability, on the cosmological time scale, of dark matter suggests the existence of some 
exact symmetry, most likely a under which dark matter is odd while normal matter is 
even. If this is the case, then one may assume this ad hoc but we would hke, instead, 
to find a compelling reason for its existence. 

It has been suggested [T] that the stability of dark matter may be due to an unbroken 
Z2 subgroup of a spontaneously (partially) broken flavour symmetry group in the lepton 
sector. In two speciflc models embodying this idea [H [2] , an ^4 lepton flavour symmetry 
group has been usedQ The two models claim speciflc predictions for the neutrino masses 
and mixings: the flrst model pQ claims the predictions = and f/gs = oj§ where U 
is the lepton mixing matrix and is the mass of the third light neutrino; the second 
model [2] apparently predicts (A^^^)^^ = (A^,7^)^^ = ojfl where Ai^, is the effective 
light-neutrino Majorana mass matrix in the basis where the charged-lepton mass matrix 
Mi = diag (me, m^, rrir) is diagonal. 

The fact that two distinct models have been produced with identical lepton flavour 
symmetry group and identical unbroken subgroup, but with distinct predictions for 
lepton mixing, makes one suspicious that the unbroken Z2 may have little to do with the 
claimed predictions. This suspicion marks the starting point of this investigation. 

This paper is organized as follows. In section 2 I show that there is no exact Z2 
symmetry in the lepton masses and mixings; therefore, the exact Z2 symmetry allegedly 
responsible for dark-matter stability cannot by itself alone lead to any predictions for the 
lepton masses and mixings. In section 3 I investigate some conditions that the lepton 
flavour symmetry group ^ of a predictive model of the type of those in references [H |2] 
is likely to satisfy; I show that is the smallest Q satisfying those conditions, but that 
there are other, slightly larger groups which also satisfy them. In section 4 I explicitly 
construct two further models with an exact Z2 symmetry which is the remnant from a 
partially broken lepton flavour symmetry group Q D D4, instead of ^ = A^, those models 
lead to realistic predictions for lepton mixing, distinct from the ones of the models of 
references [H [2]. In section 5 I show that the predictions of models of this type may be 
altered when one considers the radiative contributions to the neutrino mass matrix. I 
summarize the main conclusions of this research in section 6. 

^The group A4 had been used before as a means to derive the apparent tri-bimaximal form of lepton 
mixing. In the presently considered models, though, Ai^ is used with other assignments of the matter 
fields to its representations, and does not lead to tri-bimaximal lepton mixing. 

^These predictions are common to other models [3] which do not use A4. 

•^These predictions had already been shown [4j to be compatible with the experimental data on neutrino 
masses and mixings. 



2 



2 Non-existence of ILi symmetries in the lepton sec- 
tor 



We remind that 

f/'^A^j.t/ = diag(/ii,/i2,/i3) , (1) 

where the \ij = rrij exp {2i[3j) (j = 1, 2, 3) are the hght-neutrino masses together with 
their respective Majorana phases. The matrix U is unitary. The Majorana mass matrix 
M.y always has [5] a Z2 x x symmetry, corresponding to the three columns Cj of 
U = (ci,C2,C3). Indeed, from equation ([T]), 

M,yCj = HjC* (2) 

for j = 1,2,3 (I do not use the summation convention in this section). Unitarity of U 
means that 

c]cfc = Sjk- (3) 

Therefore, from equation ([2]), 

3 

M, = ^/i,c*c], (4) 
i=i 

which is symmetric as it should. We next define 

3 

S (ai, 02, 03) = ajCjc] (5) 

with ai,2,3 = ±1- The square of (01,02, 03) is the unit matrix because of equation ([3]) 
and of af = al = al = 1. Moreover, 

S (ai, 02, 03)^ Mu S (ai, 02, 03) = Mu, (6) 

with Ail, given by equation (jl]). Equation (|6]) means the invariance of A4i, under a 
Z2 X Z2 X Z2 symmetry. This invariance is completely independent of the specific form 
of Aiu — though of course the form of S (ai, 02, as) depends on the form of — and is 
just a mathematical consequence of the mathematical fact that a symmetric matrix may 
be bi-diagonalized by a unitary matrix. 

However, these three Z2 invariances oi Ai^ are not, in general, invariances of the 
(diagonal) charged-lepton mass matrix M^EI This is because the charged-lepton masses are 
not degenerate. For instance, the mass matrix M.^, may display /i-r reflection symmetry 
but, since 7^ m^, that symmetry does not hold in the whole lepton sector. Similarly 
?7e3 = is equivalent to the presence of a Z2 symmetry in M.1,] but, once again, that Z2 
cannot be extended to the charged-lepton sector. There is no exact Z2 symmetry of the 
whole lepton sector. This means that the exact Z2 symmetry supposedly responsible for 
dark-matter stability cannot, by itself alone, explain any features of Aiu- 



The exception would occur if any of the three Cj were either (1, 0, 0) , (0, 1, 0) , or (0, 0, 1) . However, 
this is not compatible with the experimental data on the lepton mixing matrix U . 
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3 An Ansatz for predictive models 



If one contemplates the models in references [H [2], one notices that in both of them the 
three left-handed-lepton gauge-SU(2) doublets DgL, D^i, and D^-l are invariant under 
the unbroken subgroup of the lepton flavour symmetry group — they are not all 
invariant under the full ^4 but are invariant under its subgroup. 

Let us remind that the group is discrete and non-abelian; it has twelve elements, one 
triplet irreducible representation ( "irrep" ) and three inequivalent singlet representations. 
In a convenient basis, the triplet irrep of ^4 is generated by 



i? = -1 and T = 1 . (7) 





R generates the subgroup of ^4 which stays unbroken. In the models of references [HIS], 
the three left-handed-lepton doublets are each assigned to one of the three inequivalent 
singlets of ^4, 

Ip: T^e^'-TP (p = 0,l,2), (8) 

which, as stands evident in equation (IHl), are invariant under the subgroup of ^4 
generated by R. 

The predictions for Ai^ claimed in the models of references [H |2] do not result from 
the unbroken Z2 symmetry generated by R and allegedly responsible for dark-matter 
stability. Rather, they follow from other features of the models, viz. their restricted 
content of Higgs doublets and right-handed neutrinos, and the specific assignment of 
those fields to representations of A^. It is those features, neither the group ^4 nor its 
conserved subgroup Z2 generated by i?, which make the models of references [1] and [2] 
differ from each other. 

The question that then arises is whether it is possible to construct other predictive 
models, beyond the ones in references [H [2], in which there is an unbroken Z2 which is 
a subgroup of a larger, but spontaneously broken, lepton flavour symmetry group Q. In 
particular, we would like to ascertain whether ^4 is the only possible Q of models of this 
type. 

It is clear that any such model, if it is to lead to any constraints on M.y, must treat 
the three left-handed neutrinos VeLi t-'^iLi and u^-i differently, since the neutrino mass term 
is 

y.L, "II, "^l) c-'m. 



9. V 



l^^.L I + H.c. (9) 

V ^tL 

Now, VaL is a component of the SU(2) doublet DaL, for a = e, /i, r, hence the three DaL 
must be treated differently in the model. My Ansatz is, therefore, that DeL, D^j^l, and 
Dtl should sit in inequivalent singlet representations of Q. On the other hand, from the 
fact that the unbroken Z2 subgroup of Q cannot constrain it follows that DeL, D^l, 
and Dt-l must be invariant xmdei that Z2. 

We thus conclude that Q should be a group satisfying the following conditions: 

1. It has a Jj2 subgroup. 
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2. It has some non-singlet representations whose components transform differently — 
some components are even and some others are odd — under the subgroup. This is 
necessary in order that Q may be spontaneously broken to the subgroup when the 
Z2-even components of those representations acquire a vacuum expectation value 
(VEV). 

3. It has (at least) three inequivalent singlet representations. 

4. Those three inequivalent singlet representations are invariant under the subgroup, 
i.e. they represent trivially the Z2 subgroup. 

A search [7] for discrete groups satisfying these four constraints shows that is the 
smallest of them. There are, though, many other, slightly larger groups satisfying the 
four constraints and unrelated to — for instance, the group x Z2, which has 16 
elements and eight inequivalent singlets, or the group 5*3 x Z3, which has 18 elements and 
six inequivalent singlets. 

In the following section I shall present two models of my own, based on lepton flavour 
symmetry groups Q of the form x 

4 Other models 
4.1 The group Dn 

The discrete non-abelian group Dn {n > 2) [8J is generated by two transformations A and 
D which satisfy 

A^ = D^ = (AD)'' = e, (10) 
where e is the identity transformation. The group Dn has 2n elements, which are 

e. A, D, AD, DA, ADA, DAD, (AD)"/^"^, {DAfl'^-^D, {ADf^'^ (11) 

if n is even, and 

e. A, D, AD, DA, {ADf''-^'^/\ (DA)("-i)/^ {ADf'^-^^'^A (12) 

if n is odd. The group D2 is isomorphic to Z2 x Z2. The group is isomorphic to the 
permutation group of three elements, 5*3. 

It follows from equation flTU]) that all the Dn groups have two inequivalent singlet 
representations, 

1++ : A^+l, D^ +1, (13) 
1__ : A^ -1, D -1. (14) 

(1++ is the trivial representation.) If n is even, then there are two further inequivalent 
singlet representations, 

l+_ : A^ +1, D -1, (15) 
1_+ : A^ -1, D +1. (16) 
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All other irreps of D„ (for n > 3) are doublets. They may be written, in a real basis, 




^ ^^^^ 

where Cnq = cos (2qTi /n) and Snq = sin {2qn/n), for g = 1, 2, . . . , (n — 2)/2 if n is even and 
q = 1, 2, . . . , (n — l)/2 if n is odd. In the cases of and D4 one may drop the index q 
because its unique value is then 1. 
In D4 [9], one has 

and 

2 2 1++ i+- 1-+ 

(a, b) ® (a', b') = {aa + bb') © {ab' - ba!) © {aa - bb') © {ab' + 6a') . (19) 

In the representation of equation f|T7j) . is spontaneously broken, but its subgroup 
generated by A stays unbroken, when the upper component of a Z)„ doublet acquires a 
VEV but the lower component has null VEV; it is furthermore necessary that no singlet 
1_± acquires a VEV, lest A is broken by that VEV. These will be my assumptions in the 
following models. 




4.2 A model using x 

The group x has 24 elements, twice as many as A4. Still, the following model has 
the advantage that it is economic in terms of fields, since it uses only three right-handed 
neutrinos z/i^2,3i? and four "Higgs" gauge-SU(2) scalar doublets $1,2,3,4- The fields trans- 
form under the family-symmetry group according to tabled! in which u = exp (2i7r/3). 
Notice that -De,At,TL sue all l+± under D^, therefore they are invariant under the Z2 sub- 
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Table 1: Transformation rules of the fields under the symmetry group x Z3. 

group of generated by A (the group x has 12 inequivalent singlets, out of which 
six are invariant under that subgroup), as prescribed by my Ansatz of section 3. 
The Yukawa Lagrangian is 

TTl — Tfl — TTl — 

CYnk = -DeLeR<l>4 -D^lHr<!>3 -D^LTR^i 

Va V3 Va 



a - ~ b - ~ 
— r DeL^A^m D^L^si^sR 

DfiL [^l^m + $2Z^2i?,) - — DrL [^iVlR " $2Z^2i?) + H.C, (20) 

where = ^T2$* for n = 1,2,3,4 and f„ is the VEV of $^ (the neutral component 
of $„). One sees that the charged-lepton mass matrix is automatically diagonal as a 
consequence of the flavour symmetry. The neutrino Dirac mass matrix is 

/ a\ 
Md=\ c pc b \ (21) 
\d -pd / 

where p = fg/f*. The Lagrangian of right-handed- neutrino Majorana masses is 

^Maj = ^ {^InC-'u.n + vlnC-'y^n) + ^ ylnC-^y.n + H.c. (22) 

Hence, the right-handed-neutrino Majorana mass matrix is 

f mo \ 
Mr= mo . (23) 
V mi J 

I assume that the subgroup of D4 generated by A is left unbroken by the vacuum, 
which means that 

V2 = 0^ p = 0. (24) 

($3 and $4 are both D4-invariant, therefore their VEVs do not break 1)4.) Using the 
seesaw formula 

M, = -MdM^^MI, (25) 

it is easy to check that one obtains 

{M,)^^ = 0, detMu = 0. (26) 

These are the predictions of the model. It is not difficult to check that these predictions 
are compatible with the experimental data on neutrino masses and on lepton mixing. 



4.3 A model using D4 x 

The following model also uses three right-handed neutrinos and four Higgs doublets. The 
fields transform under the family-symmetry group according to table [2l In this model 
the charged-lepton mass matrix is not automatically diagonal as a consequence of the 
symmetry; the right-handed charged leptons pn and are linear combinations of £2/? 
and isn, and the left-handed- lepton doublets D^l and Dri are linear combinations of 
D2L and -D3L. The Yukawa Lagrangian is 

<ui _ r — 5 — t — 

CYnk = DeLeR<^3 ^2l4/?$3 D^l^r'^A Dsl^R'^S 

V-i V3 Va V-i 

f 9 

-— DeL {^liyiR - ^2J^2r) " — D2L [^I^^IR + ^2J^2r) 

-- ^ D3i$4Z/3^j + H.C. (27) 
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1-'-+-, J-j 
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Table 2: Transformation rules of the fields under the symmetry group x Z4. 
The charged-lepton mass matrix is 



j me \ 

r 
V s t J 



{2i 



The neutrino Dirac mass matrix is 



D 
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-P/ 
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P9 














(29) 



Equations (12^ and ( 125]) also hold in this model, and we suppose as before that the vacuum 
features equation fl2^ . One then obtains the predictions 



mi = 0, Uf 



e3 



0. 



(30) 



The second of these predictions is at present somewhat disfavoured [10] but the situation 
is not settled yet. 

5 Radiative neutrino masses 



5.1 The scalar potentials 

The scalar potential for the models of section 4 is 

where 



sym 



+ A 



12 



+ A 



\13 



(^$t$3)' + (^$t$^y 



($I$2) +H.C. 

is invariant under a x or D4 x Z4 transformation, and 

Kb = /i4$3'^'4 + H.c. 



H.c. 



(31) 



(32) 



(33) 
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breaks softly the ^3^4 while preserving D^. The term in V^b is needed lest a neutral 
component of $4 becomes a Goldstone boson, since the discrete symmetry of the 
first model, or ^4 of the second model, effectively becomes, in V^ym, a continuous U(l) 
symmetry. The parameters A13 and /i4 are complex, A12 is real; however, the phases of $3 
and $4 may be rotated in such a way that A13 and /i4 become real too. 

The models of references [H [2] feature an ^4 triplet ($1, $2, ^■i)^ of Higgs doublets, 
together with a fourth Higgs doublet, $4, which is 744-invariant. Their scalar potential is 



+ A 



+Ag 



($I$4)'+($5$4)'+($i$4)' 



+ A9 ($2^3 $1 + $3$l $2 + '^'l'^'2 $3) $4 

+ A10 ($3$2 $1 + $1$3 $2 + '^'2'^'l ^3) *4 + H.C.j 



(34) 



where Ay^s.g.io are complex. In this case, no soft-breaking term is necessary. 
In equations fl5^ and ([31]), the "■ ■ ■" stand for terms of the forms 



<T)t<T) 



(35) 



which are not relevant for the purposes of this section. 



5.2 The one- loop diagram in the models 

The potentials of the previous subsection cause a radiative generation of neutrino masses, 
via a one- loop diagram which partially destroys the predictive power of the models. 

In equation fl52]) . the crucial terms are , (^$2^3^ , and their Hermitian conjugates. 

Indeed, even when the VEV of $2 vanishes, as assumed here, those terms allow one to 
substitute the seesaw mass term, obtained via the insertion of two VEVs of $25 by a 
radiative mass term in which a $2 runs in the loop, connected to two $5 or $3, respectively, 
and to an insertion of their VEVs. 

The one-loop radiative corrections to the neutrino mass matrix in seesaw models have 
been studied in reference |12]. The final result of that paper is that, to the neutrino mass 
matrix in equation f l2B]) . a radiative contribution must be added which reads — taking into 
account that the mass matrix of the heavy neutrinos, in equation fl25]) . is diagonal — 

ln(M^/m.) + ^ ^ ^ h^h., A^^^^^^ . (36) 



The first term of this equation is the contribution from the diagram with a gauge boson 
in the loop; this is very much similar to the tree-level seesaw equation fl25p and needs not 
concern us. In the second term of equation fl36p . the index h denotes the seven physical 
(mass eigenstate) neutral scalar bosons of the model, S*^, which have masses m?, [T3]. The 
complex quantities 6„ satisfy 

K = v^ + ^Y.b^Sl (37) 
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for n = 1, 2, 3, 4. The 3x3 matrices A„ are the matrices of the Yukawa couphngs of each 



$„, viz., in the model of subsection 4.2, 
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It is easy to see that the term 
In {MR/rrib) 



E 



167r2 2 2 



M, 



R 



E 



ln(mo/mfc) 



mo 



/ 




-cd 




(39) 



is an extra contribution to the A^j, of equation fl25]) that destroys the prediction det M.^ = 
in equation fl2B]) . On the other hand, the prediction [M.^,)^^ = in the same equation 
remains unaffected (at least at the one- loop level). 

The practical effect of the terms , {^2^^ , and their Hermitian conjugates, 

in equation f l32|) . is to split the degeneracy of the real and imaginary components of $2- If 



is non-vanishing because of those 



one writes $2 = P2 + ^^72, then the relevant mass terms are A22P2 + B22V2 with A22 7^ -822- 
The quantity J^bi^lH — ^22 — -B22 in equation 
terms in the scalar potential. 

Similarly, in the model of subsection 4.3, 



Ai 
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'1^0 







A, 



Aa 




(40) 



The relevant term is 
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b 



ml 



In {MR/mk) 



M, 



A 
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m^feg lii(mo/m{,) 



2„*2 



mo 




(41) 



and destroys the prediction mi = in equation fl30l) . The other prediction in that 
equation, viz. f/es = 0, remains unaffected, though. 

The fact that the one-loop radiative contributions to the neutrino mass matrix are 
suppressed by loop factors (IGvr^) ^ renders, in general, their practical consequences small. 
Take for instance the model of subsection 4.3: the masses of the first two light neutrinos, 
mi and m2, will be generated by the 2x2 mass matrix 




fg (1 - e) 

9' (1 + e) 



(42) 
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where e oc (IGvr^) ^ is small. In the limit of small e, 



^1 ^ — > r>2 , I "^2 ~ — , (43) 



mo l/p + l^p mo 

so that mi/m2 < |e| ~ 10~^. 



5.3 The one- loop diagram in the A4 models 

The situation with the A4 models of references [1], E] is more complicated, because in those 
models there are two, instead of only one, VEV-less Higgs doublets $2 and $3. In the 

scalar potential there are terms (<I>i_4<I>2) , {^1,4^3) , '^'i'^'2 ^1^3, and ^{^2 ^1^3, which 
lead to one-loop diagrams that mimic the situation in which both $2 and $3 actually 
had a VEV. Furthermore, those terms lead to CP violation via mixing of the real and 
imaginary parts of $2 $3. All the predictions for the neutrino masses and lepton 
mixings of those two models in general get lost, but the corrections to those predictions 
are suppressed by loop factors and should be small. 



6 Conclusions 

In this paper I have commented on two recently proposed models [H, |2] which make a 
connection between some predictions for lepton mixing and an unbroken subgroup of 
the lepton flavour symmetry group A4. I have found that: 

• The predictions for lepton mixing claimed in those models are not exclusively a 
consequence of the unbroken Z2 subgroup. Rather, they follow mainly from the 
limited spectrum of right-handed neutrinos and of Higgs doublets in those models, 
and from the assignments of those fields to specific representations of A4. 

• There are many other lepton flavour symmetry groups Q, beyond A4, which may be 
used for constructing models with features analogous to the ones of those commented 
upon. The group is the smallest possible Q, but any other group with a Z2 
subgroup into which it may be spontaneously broken, and with three inequivalent 
singlets which transform trivially under that Z2 subgroup, can in principle be useful. 

• The predictions claimed in those two models are altered when one considers the one- 
loop diagrams which generate radiative contributions to the neutrino mass matrix. 
Those one-loop diagrams mimic non-zero VEVs for the Higgs doublets that, in those 
models, are assumed wo have vanishing VEV. 

I have also presented two further models of a similar type, but which use symmetry 
groups Q = D4 X instead of ^ = A4. Both those models predict (after radiative 
corrections) and almost massless neutrino. Those models display other predictions which 
are not disturbed by the one-loop contribution to the neutrino mass matrix. In those 
models, there are one Higgs doublet and one right-handed neutrino which are odd under 
the conserved Z2 symmetry and may contribute to dark matter. 
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